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Abstract. This paper establishes several existence and uniqueness results for two 
families of active scalar equations with velocity fields determined by the scalars through 
' very singular integrals. The first family is a generalized surface quasi-geostrophic (SQG) 

equation with the velocity field u related to the scalar 6 hy u = V^K^~'^9, where 
1 < /? < 2 and A = (— A)^/^ is the Zygmund operator. The borderline case /? = 1 
corresponds to the SQG equation and the situation is more singular for (5 > 1. We 
QQ ' obtain the local existence and uniqueness of classical solutions, the global existence of 

weak solutions and the local existence of patch type solutions. The second family is a 
dissipative active scalar equation with u = V~'-(log(/ — A))'-''9 for jj, > 0, which is at 
p ^ ' , least logarithmically more singular than the velocity in the first family. We prove that 

^> ' this family with any fractional dissipation possesses a unique local smooth solution 

. , for any given smooth data. This result for the second family constitutes a first step 

1-^^ ' towards resolving the global regularity issue recently proposed by K. Ohkitani |84| . 



^ . 1. Introduction 

^ I This paper studies solutions of generalized surface quasi-geostrophic (SQG) equations 

lO ■ with velocity fields given by more singular integral operators than the Riesz transforms. 

^ Recall the inviscid SQG equation 

dtO + u-ve = 0, 

where A = (— A)^/^ is the Zygmund operator, 9 = 6{x,t) is a scalar function, u denotes 
the 2D velocity field and ■0 the stream function. Clearly, u can be represented in terms 



I of the Riesz transforms of 9, namely 

u = (-7^2,7^0^ = {-d,,A-\ d,,A-')9. 

( Il.ip . its counterpart with fractional dissipation and several closely related generaliza- 
tions have recently been investigated very extensively and significant progress has been 
made on fundamental issues concerning solutions of these equations (see, e.g. p]-|18j. 
[2T]-[65], [67]-[96], [98]-[TT6]l 

Our goal here is to understand solutions of the SQG type equations with velocity 
fields determined by even more singular integral operators. Attention is focused on two 
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generalized SQG equations. The first one assumes the form 

dtO + n ■ V6' = 0, 
^^■^^ u = V^i), Ai/j = A^9, 

where /3 is a real parameter satisfying 1 < /3 < 2. Here the spatial domain is either the 
whole plane or the 2D periodic box and the fractional Laplacian operator (— A)° 
is defined through the Fourier transform 

(^/(O = ier"/(e). 

The borderline case (3 = 1 of (11 ■2p is the SQG equation (11. ip . while (II. 2p with /3 = 
is the well-known 2D Euler vorticity equation with 9 representing the vorticity (see e.g. 
[TTp. The second generalized SQG equation under study is the dissipative active scalar 
equation 

dte + u-ve + K{~A)''e = o, 

^^■^^ M = VV, ^Z' = (log(/ - A))''^, 

where k > 0, a > and /x > are real parameters, and (log(/ — A))^ denotes the 
Fourier multiplier operator defined by 

(iog(7^)r/(0 = (iog(i + iep))"/(0- 

f ir^ is closely related to In fact , both ([O]) with /3 = 2 and ([O]) with k = and 

/i = formally reduce to the trivial linear equation 

dtO + V^e ■ = or dtO = 0. 

For ;U > 0, the velocity field u in (II. 3p is at least logarithmically more singular than 
those in (fL2|) . 

We establish four main results for the existence and uniqueness of solutions to the 
equations defined in (II. 2p and in (II. 3p with a given initial data 

e{x,0) = eo{x). 

We now preview these results. Our first main result establishes the local existence and 
uniqueness of smooth solutions to (II. 2p associated with any given smooth initial data. 
More precisely, we have the following theorem. 

Theorem 1.1. Consider with 1 < /3 < 2. Assume that 6q e i/™(]R^) with m>4:. 
Then there exists T = r(||6'o||_f/™) > such that U.^) has a unique solution 9 on [0,T]. 
In addition, 9 G C{[0,T]; H"'{R'^)) . 

Remark 1.2. 74s mentioned previously, when (3 = 2, = 9 and u = V^9 and ( ti.^) 

reduces to the trivial equation 

dt9 = or 9{x,t) = 9o{x). 
Therefore, ( li.i^) with (3 = 2 has a global steady-state solution. 

For 1 < /3 < 2, the velocity u is determined by a very singular integral of 9 and Vm 
is not known to be bounded in L°°. As a consequence, the nonlinear term can not be 
directly bounded. To deal with this difficulty, we rewrite the nonlinear term in the form 
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of a commutator to explore the extra cancellation. In order to prove Theorem II. ![ we 
need to derive a suitable commutator estimate (see Proposition 12.11 in Section [2]). 

Our second main result proves the local existence and uniqueness of smooth solutions 
to (11. 3p . In fact, the following theorem holds. 

Theorem 1.3. Consider the active scalar equation ( fi.3|) with k > 0, a > and fi > 0. 

Assume the initial data 9q G i/^(M^). Then there exists T > such that ( li.gj) has a 
unique solution 6 G C([0,r]; H^{^^)). 

We remark that the velocity field u in (II. 3p is determined by 



which is even logarithmically more singular than that in (II. 2p with /3 = 2, namely the 
trivial steady-state case. In a recent lecture [HI], K. Ohkitani argued that (ll.3p with 
K = may be globally well-posed based on numerical computations. Theorem 11.31 is a 
first step towards positively confirming his prediction. 

Again the difficulty arises from the nonlinear term. In order to obtain a local (in 
time) bound for ||^||/i-4, we need to rewrite the most singular part in the nonlinear term 
as a commutator. This commutator involves the logarithm of Laplacian and it appears 
that no L^-bound for such commutator is currently available. By applying Besov space 
techniques, we are able to prove the following bound for such commutators. 

Proposition 1.4. Let fi>0. Let dx denote a partial derivative, either dx-^ or dx^- Then, 
for any 5 > and e > 0, 



Our third main result assesses the global existence of weak solutions to (II. 2p . Our 
consideration is restricted to the setting of periodic boundary conditions. The weak 
solution is essentially in the distributional sense and its precise definition is as follows. 

in the definition denotes the 2D periodic box. 

Definition 1.5. Let T > 0. ^ function 9 G L'^{[0,T]; L'^{T^)) is a weak solution of 
1^1. S\} if, for any test function <p G C^([0, T) x T^), the following integral equation holds, 



Although the velocity u is more singular than the scalar 6 and the nonlinear term 
above could not make sense, it is well defined due to a commutator hidden in the equation 
(see Section Hj). We prove that any mean-zero data leads to a global (in time) weak 
solution. That is, we have the following theorem. 



u = V^(\og{I - A)Ye with ^>0 





(1.4) 
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Theorem 1.6. Assume that 6q G L^(T^) has mean zero, namely 

6*0(2;) dx = 0. 

Then U.S\) has a global weak solution in the sense of Definition 



T2 



This resuh is an extension of Resnick's work [88j on the inviscid SQG equation f ll.ip . 
However, for 1 < /? < 2, the velocity is more singular and we need to write the nonlinear 
term as a commutator in terms of the stream function -0. More details can be found in 
the proof of Theorem 11.61 in Section |H 

Our last main result establishes the local well-posedness of the patch problem associ- 
ated with the active scalar equation (11. 2p . This result extends Gancedo's previous work 
for (II. 2p with < /5 < 1 [50]. Since f3 is now in the range (1,2), u is given by a more 
singular integral and demands regular function and more sophisticated manipulation. 
The initial data is given by 



:i.5) Ooix) 



9i, X & Q; 

02, xeM2\fi, 



where C is a bounded domain. We parameterize the boundary of ^2 by x = 0:0(7) 
with 7 G T = [— TT, tt] so that 

l<9-y2;o(7)P = Ao, 

where 27r\/Ao is the length of the contour. In addition, we assume that the curve ^0(7) 
does not cross itself and there is a lower bound on \d^Xo{-y)\, namely 

(1.6) 



Alternatively, if we define 

1^1 



:i.7) F{x){^,r],t) 



\x{j,t) -x{-f-r],t)[ 
1 



if ^ 0, 



\d^x{j,t)y 



if?7 = 0, 



then (II. 6p is equivalent to 

(1.8) F{xo){l,V,0) <oo V7,r7GT. 

The solution of (II. 2p corresponding to the initial data in (II. 5p can be determined by 
studying the evolution of the boundary of the patch. As derived in [50], the parameter- 
ization x{'y,t) of the boundary dQ{t) satisfies 

(1.9) aMi, t) = c,(o, - 9.) / g^T.')- 9,^(7 - ..f) 

Jt \x{l,t) - x{-f -ri,t)\P 

where Cjs is a constant depending on /3 only. For /3 G (1,2), the integral on the right 
of (II. 9p is singular. Since the velocity in the tangential direction does not change the 
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shape of the curve, we can modify (11.91) in the tangential direction so that we get an 
extra cancellation. More precisely, we consider the modified equation 

(1.10) dMl,t) = CpiO,-9,) [ ^7^(7,^) - a,x(7 -ri,t) ^ 

with A(7,t) so chosen that 

dyx{-f,t) ■ d^x{-f,t) = or \d^x{-f,t)\'^ = A{t), 

where A{t) denotes a function of t only. A similar calculation as in [50] leads to the 
following explicit formula for A(7,t), 

n +\ ^7 + 7r /■ d^x{-f,t) f rd^x{-f,t)-d^x{'y-r],t) \ 



TT 



|a^x(7;,t)|2 ^' VA |x(?7,t)-x(r/-e,t)|^ 



where C = (^1-^2) • 

We establish the local well-posedness of the contour dynamics equation (CDE) given 
by (ll.lOp and (11.111) corresponding to an initial contour 

x(7,0) = Xo(7) 

satisfying (II. 8p . More precisely, we have the following theorem. 

Theorem 1.7. Let 2:0(7) ^ H^'(T) for k > A and F(xo)(7, ?7, 0) < 00 for any 7,7^ G T. 
Then there exists T > such that the CDE given by U.10\) and has a solution 

x(7,t) e C([0,T]; //'=(¥)) with x(7,0) = Xo{-f). 

This theorem is proven by obtaining an inequality of the form 

I (||x||^4 + llF(x)IUoo) < C (||x||^4 + WFix^L^f"-^ . 

The ingredients involved in the proof include appropriate combination and cancellation 
of terms. The detailed proof is provided in Section O 



2. Local smooth solutions 

This section proves Theorem II. H which assesses the local (in time) existence and 
uniqueness of solutions to (11.21) in if™ with m > 4. 

For 1 < /3 < 2, the velocity u is determined by a very singular integral of 6 and the 
nonlinear term can not be directly bounded. To deal with this difficulty, we rewrite 
the nonlinear term in the form of a commutator to explore the extra cancellation. The 
following proposition provides a L^-bound for the commutator 

Proposition 2.1. Let s be a real number. Let dx denote a partial derivative, either dx^ 
or dx2 ■ Then, 

II Wdx,g]f\\L^i^^2) < C (\Wf\W ||A^(r/)|Ui +C||/|U2||A^^(77)|U.) , 
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where C is a constant depending on s only. In particular, by Sobolev embedding, for any 
e > 0, there exists such that 

II [^'d^,g] /|U2(K2) < C, (||A7I|l2 11^11^2+^ + ||/||l2 \\g\\H^+s+.) . 



Since this commutator estimate itself appears to be interesting, we provide a proof 
for this proposition. 

Proof. The Fourier transform of [A*(9^., g] f is given by 

(2.1) [A^]f{0= [ {\^n,-\^-v\'{^-vh)m-v)9{v)dv. 
where j = 1 or 2. It is easy to verify that, for any real number s, 

(2.2) ii?i%- - le - vn^ - v)j\ < c max{ier, le - vn 



In fact, we can write 



(2.3) mj-\^-vn^-v)j = I ^(i^r^.) 



1 d 







= [\\AW + s\Ar\A-r])Aj)dp, 
Jo 

where A{p, ^, r]) = + {1 — p){^ — rj). Therefore, 

\m^-\i-€{i-nU<{i + \s\M fwdp. 

Jo 

For s > 0, it is clear that 

i^r <max{ieiMe-r/r}. 

When s < 0, F{x) = |x|'^ is convex and 

\A\^ = \pc + (1 - p)(e - r/)r < Pier + (1 - p)ie - < max{ier, le - vn- 

To obtain the bound in Proposition l2.lt we first consider the case when s > 0. Inserting 
fl2.2p in fl2.ip and using the basic inequality 1,^1'^ < 2''^~^{\^ — r]\^ + |?7|^), we have 

(2.4) [A^]/(o < c'ler/ \m-v)\\vg{v)\dv 

+ C [ \\^-v\'m-v)\\V9{v)\dv 
< C [ \\^-v\'m-v)\\V9iv)\dv 
+ C [ \m-v)\\\vn'9{v)\dv. 

JM2 

By Plancherel's Theorem and Young's inequality for convolution, 

II [A^a,,^?]/|U2<C||A7IU2||A^(r7)IU^ + C'||/|U2||A^^^(ry)|U^ 
Applying the embedding inequality 

\\\v\^^'9iv)\\LHK2) < 1^11^2+- 
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we have, for s > 0, 

II [A''9a.,5'] /||l2(R2) < C'e (||AVI|l2(IR2) ||5'||//2+=(M2) + ||/||l2(R2) \\g\\H2+s+.(^2'j) . 

The case when s < is handled differently. We insert (12. 3 p in (12. ip and change the order 
of integration to obtain 



where 



(2.5) H, = f f \A\^f{^-rj)v,g{v)dvdp, 

Jo ^M2 

(2.6) H2 = s [ [ \Ar\A-r])Aj{C-r])g{7])drjdp. 

Jo JR2 



Using the fact that F{x) = |a;|* with s < is convex, we have 

i^r = i(e-^)+p^r = (i+p) 



i+P i+p 



< (i+p)"(r^i«-;i'H-TT7i''i 
= (i+pr'i^-iji'+pii+pr'iii'. 

Inserting this inequality in (12. 5p . we obtain 



\H,\ < [\l + pr-Up [ \\^-r]\^f{^-r])\\r^g{7^)\dv 

Jo JR2 

+ / p{i + prup [ i/(e-^)iiH'+i?(^)ii^- 



Applying Young's inequality for convolution, Plancherel's theorem and Sobolev's in- 
equality, we have 

\\H,\\l. < C||AV||L2||A^(r/)||Li + C||/|U.||A^(^)IUi 

< C, ||A7||i2 11^11^2+^ + C, 11/11^2 11^11^2+^+.. 

To bound H2, it suffices to notice that 



|^2| < \s\ f [ \A\y{^-r^)\\r]g{7^)\dr^dp 

Jo JE2 



Therefore, ||i/2||L2 admits the same bound as ||//i||i^2. This completes the proof of 
Proposition 12. 1[ □ 

With this commutator estimate at our disposal, we are ready to prove Theorem II. 1[ 

Proof of Theorem This proof provides a local (in time) a priori bound for ||^||iii-m. 
Once the local bound is established, the construction of a local solution can be obtained 
through standard procedure such as the successive approximation. We shall omit the 
construction part to avoid redundancy. 
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We consider the case when m = 4. The general case can be dealt with in a similar 
manner. By V ■ u = 0, 

\jtP^-Mh = ^ ll^(-,^)IU^ = ll^olU- 

Let o" be a multi-index with \a\ =4. Then, 

1 d 

where / means the integral over and we shall omit dx when there is no confusion. 
Clearly, the right-hand side can be decomposed into Ii + I2 + I3 + I4, + I5 with 

Ji = - /" D'^e D^u ■ Ve dx, 



D^9\\l2 = - j D'^d D^iu ■ V9) dx, 



h = ~ Yl j D''9D'''u ■ D^'Vedx, 

(Tl 1=3,0-1+0-2=0- 



0-1 1=2,01+0-2=0- ' 



Y J D'^OD'^'u ■ D^-'Vedx, 



CTl 1 = 1,01+0-2=0- 

OTw ■ VD^'ddx. 

The divergence-free condition V-n = yields /s = 0. We now estimate Ji. For 1 < /3 < 2, 
D"u = V^A~'^~^^ D^9 with \a\ = 4 can not bounded directly in terms of ||^||_h-4. We 
rewrite Ii as a commutator. For this we observe that for any skew-adjoint operator A in 
L2(i.e. {Af,g)L. = -{f^Ag)^. for all f,ge L^) we have ffA{f)gdx = -ffA{gf)dx, 
and therefore 

(2.7) J fA{f)gdx = -^-J {fA{gf) - fgA{f)}dx = ~j f[A,g]fdx. 
Applying this fact to Ji with A := A~^~'~'^V^, / := and g := V9, one obtains 

Ji = ^ y D'^e [A-2+/3v^., V^] D'^Odx. 
By Holder's inequality and Proposition 12.11 with s = —2 + /3 < 0, we have 

|/i| < a Wd^oWl^ {\\D''e\\L2 + ||A-2+/3^a^||^^) 11^11^3^^ < (J \\d''9\\l2 \\e\\%,. 

The estimate for I2 is easy. By Holder's and Sobolev's inequalities, 

\l2\<C\\D'^e\\L2 \\9\\h2+, 11^11^4. 
By Holder's inequality and the Gagliardo-Nirenberg inequality, 

I/3I < C Y \\D''0\\l2 WD^'uWl^ ||D'"'V^||l4 

|o-i 1=2,01+0-2=4 

< cp'^^iu^ 11^11^3 11^11^4. 
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By Holder's and Sobolev's inequalities, 

I/4I < C J2 \\D"0\\l^ \\D''^V9\\l^ 

(Tl| = l,(Tl+0-2=4 

< C\\D'^9\\l^ \\e\\H^+2 \\e\\m. 

For 1 < /3 < 2, the bounds above yields 

j^\\orm<c\\erH,. 

This inequality allows us to obtain a local (in time) bound for ||^||_h-4. 

In order to get uniqueness, one could check the evolution of two solution with the 
same initial data. With a similar approach, we find 

^11^2 - 0i\\m < Cmiln^ + 11^11^4)11^2 - 9i\\hu 

An easy application of the Gronwall inequality provides 62 = 61. This concludes the 
proof of Theorem 11.11 □ 



3. The case that is logarithmically beyond /3 = 2 

This section focuses on the dissipative active scalar equation defined in (11. 3p and the 
goal is to prove Theorem 11.31 

As mentioned in the introduction, the major difficulty in proving this theorem is due 
to the fact that the velocity u is determined by a very singular integral of 9. To overcome 
this difficulty, we rewrite the nonlinear term in the form of a commutator to explore the 
extra cancellation. The commutator involves the logarithm of the Laplacian and we 
need a suitable bound for this type of commutator. The bound is stated in Proposition 
II. 4[ but we restated here. 

Proposition 3.1. Let /i > 0. Let dx denote a first partial, i.e., either dx^ or dx2- Then, 
for any 5 > and e > 0, 

II [(ln(/ - A))^a., ^7] f\W < C,,,s (l + (in (l + Wfh^ 

where C^,e,5 is a constant depending on fi, e and 6 only and denotes the standard 
homogeneous Sobolev space. 

Remark 3.2. The constant C^^^^s approaches oo as 5 ^ ore— )-0. When fj. = 0, the 
constant depends on e only. 

We shall also make use of the following lemma that bounds the L^-norm of the 
logarithm of function. 

Lemma 3.3. Let > be a real number. Then, for any 6 > 0, 



(3.1) II (ln(/ - A))'' fU. < C,4f\\,. [\n ^1 + ^ 

where Cfj,^s is a constant depending on fj. and S only. 
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In the rest of this section, we first prove Theorem [L3l then Proposition 13 . II and finally 
Lemma 13.31 

Proof of Theore'm \1.3[ The proof obtains a local a priori hound for ||^||_ff4. Once the local 
bound is at our disposal, a standard approach such as the successive approximation can 
be employed to provide a complete proof for the local existence and uniqueness. Since 
this portion involves no essential difficulties, the details will be omitted. 

To establish the local if^ bound, we start with the L^-bound. By V ■ u = 0, 

~\mh + KW^'-eWh = or <||^oIIl- 

Now let o" be a multi- index with \a\ =4. Then, 

(3.2) ~\\D''9\\l2 + K\\A''D''e\\l2 = - J D''9D''{u-V9)dx 



where 



= Jl + J2 + Js + ^4 + Js, 

= - I D^OD^u-VOdx, 



|(Tl|=3,(Jl+(T2=0- 

J3 = - j D^en^'u ■ D^^VOdx, 



|(Tl|=2,(Tl+(T2=CT ' 



J4 = - j D^OD^'u ■ D^^Vedx, 

\cri\ = l,ai+a2=u 

.L = f D^eu -wD^edx. 



By V ■ u = 0, J5 = 0. To bound Ji, we write it as a commutator integral. Applying 
dl} with A := V^(log(/ - A))'', / := D'^O and g := VO, we have 



Ji = \j D'^e [(iog(/ - A))^ v^-, ve] D^e dx. 



By Holder's inequality and Proposition 13. H 

|Ji| < c\\D^9\\L4[i}og{i-A)Yw^-y9]D''e\\L^ 

< c we\\l2 \\ve\\H2+. (1 + (in(i + \\D'^e\MY) 

< a ll/^'^^lli^ 11^11^,3+. (ln(l + ||^||^4+.))^ 

Applying Holder's inequality. Lemma 13.31 and the Sobolev embedding 
(3.3) H^^\R^) ^ L°°(M2), e > 

we obtain 

IJ2I < C Y ll^'^^IU^ \\D'''u\\l2 IID'^^V^IIl- 

|(Ti |=3,t7l+0-2=4 

< C,\\D''e\\l2 (ln(l + 11^11^4+0)'' ll^ll 
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To bound J3, we first apply Holder's inequality to obtain 

|o-i 1=2,0-1+0-2=4 

By the Sobolev inequality 

^)<c\\ftiL.,\\vfC] 



and applying Lemma [3 .Sj we have 

l^sl < c J2 P"^||Lni^"'w|lL2^ I|V/^"'m||1^^^ p'^v^llj^^^ llVD'^V^IlJ^i^ 

CTl 1=2,01+02=4 

< C\\D^9\\l2\\9\\1, (ln(l+||0||^4+.)r. 
By Holder's inequality, (13.31) and Lemma [3.31 

< C \\D''9\\l2 WD'^'uWl^ \\D''^Ve\\L2 

|oi| = l, 01+02=4 

< c J2 ii^'^^ii 

L2 \\D''^u\\m+c \\D''^V9\\l2 

|oi| = l, 01+02=4 

< C\\D''9\\l2\\9\\h^\\9\\hs+^ (ln(l + ||^||//a+.+.0)''- 

Let < e < 1 and < 6 < a. The estimates above on the right-hand side of (13. 2p then 
implies that 

^^11^11^2 + 4^''D-9\\l2 < C \\9\\% (ln(l + 11^11^,4+.))^ . 

This inequality is obtained for |cr| = 4. Obviously, for \a\ = 1,2 and 3, the bound on 
the right remains valid. Therefore, if we sum the inequalities for |a| = 1, 2, 3 and 4 and 
recalling , we have 

+ < C \\9\\%, (ln(l + 11^11^4+^))'^ . 

The local (in time) a priori bound for ||6'|| j:/4 then follows if we notice the simple inequality 
(ln(l + a))^ < a for large a > 0. This completes the proof of Theorem 11.31 □ 



We now present the proof of Proposition 13. 1[ 

Proof of Proposition \3.1[ The proof involves Besov spaces and related concepts such as 
the Fourier localization operator Aj for j = — 1,0,1,- ■■ and the operator Sj. These 
tools are now standard and can be found in several books, say [20], and [H]. A 
self-contained quick introduction to the notation used in this proof can be found in |14j . 

We start by identifying with the inhomogeneous Besov space B22, namely 

00 

Il/lli2 = J2 ll^'/lli- 

Let A^ > 1 be an integer to be determined later. We write 
(3.4) \\[{ln{I-A)rd.,g]f\\l2=K, + K,, 
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where 



Af-l 

(3.5) K, = ^ ||A,[(ln(/-A)r9.,^]/||i„ 

(3.6) K, = J2\\A,[{ln{I-A)rd^,g]f\\l,. 

j=N 

Following Sony's notion of paraproducts, 

k k k 

with Afc = Afc„i + Ajt + Afc+i, we have the decomposition 

(3.7) [(ln(/-A))'^9.,^7]/ = (ln(/-A))^a.(/(?)-((ln(/-A))'^a./) (7 

= Li + L2 + L3, 

where 

Li = J2^HI - A)rd, {Sk-if Aug) - Sk-i ((ln(/ - A)rdJ) A^g, 

k 

L2 = 5^(ln(/ - A)rd^ {A J Sk-ig) - Afc ((ln(/ - A)rdJ) S^-ig, 

k 

L3 = 5^(ln(/ - A))'^a,. (a,./ A^g) - A^ ((ln(/ - A)rdJ) A^g. 

k 

Inserting the decomposition (13.71) in ()3.5p and (13.61) yields the following corresponding 
decompositions in Ki and K2, 

Ki < Ku + K12 + Ku, K2 < K21 + K22 + i^23 

with 

N-l N-1 N-1 

Ku = Yl K^2 = W^Mh^ ^13 = Yl w^Mih^ 

j=-i i=-i i=-i 

00 CxO 00 

K2, = Y\\^M\h, K22 = $^||A,L2||i., K2S = Y\\^M\h- 

j=N j=N j=N 

Attention is now focused on bounding these terms and we start with Ku. When Aj 
is applied to Li, the summation over k in Li becomes a finite summation for k satisfying 
\k — j\ < 3, namely 

A,Li= Y ^AiHl-^)rd,{Sk-ifAkg)-Sk-i{{Hl-A)rdJ)Akg). 

\k-j\<3 

For the sake of brevity, we shall just estimate the representative term with A; = j in 
AjLi. The treatment of the rest of the terms satisfying \k — j\ < 3 is similar and yields 
the same bound. Therefore, 

||A,Li|U. < C ||A, ((ln(J - A)rd, (S.^if A^g) - Sj^, ((ln(J - A)rdJ) A,g) lU^. 
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Without loss of generality, we set = d^^ . By Plancherel's theorem, 



13 



L2 



where $j denotes the symbol of Aj, namely Aj/(^) = ^^-^d 

i^(0=((ln(l + |eP))"ei. 
To further the estimate, we first invoke the inequality 
\H{0-H{^-^)\ 

< |r/| ((ln(l + max{|eP, 1^ - v\W + 0^(1 + max{|eP, 1^ - 

Clearly, the first term on the right-hand side dominates. We assume, without loss of 
generality, that 

(3.8) \HiO - -v)\<C \v\ (ln(l + max{|ep, \^ - v\W ■ 

Noticing that 

supp$j, supp A~^ C G : 2^^^ < \^\ < 2^+^}, 
we have, for — 1 < j < — 1, 



(3.9) IIAjLill^^ < C 



$,(0 / (ln(l + max{|e|Me-^in))" 
\S^fi^-v)\\7^A;giij)\dr) 



L2 



< C (ln(l + 22^))''^ 

< C (ln(l + 22^))"^ 



^M) / \s,^if{^-v)\\v^Mv)\dv 



L2 



\s,^ifi^-v)\\v^Mv)\dv 



L2 



By Young's inequality for convolution, 

||A,Li||i. <C' (ln(l + 22^))^'^||S^::f||i.||r/A;^(r;)||i.. 
By Plancherel's theorem and Holder's inequality, for any e > 0, 

II V^IU2 = II Vi/||l2 < II/IU2, Wv^gmiL^ < a||A'+^A,^|U2 

Therefore, 

N-l 

< a (ln(l + 2^^))^'^||/||i.^||A^+^A,^|U. 

i=-i 

(3.10) < a (ln(l + 2^^))''^ 11/11^2 II^IIW- 

We now estimate K12. As in A^-Li, we have 

A,L2 = Yl ^3 - ^^k-f ^^-^9) - Afc ((ln(/ - A)rd.J) Sk^ig) . 

\k-j\<3 
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It suffices to estimate the representative term with k = j. As in the estimate of AjLi, 
we have 

2 



\A,L,\\l, < C(ln(l + 22^))' 



\A,f{^-v)\\vS,-ig{v)\dv 



L2 



< c (in(i + 2^^))^^ \\Arf\\h\\vsj:r9mi 

< C(ln(l + 2^^))^^||A,/||i.|b||i.,.. 



Therefore, 



7V-1 



(3.11) < c {Hi + 2^^))''\\frMU.. 

involves the interaction between high frequencies of / and g and the estimate is 
shghtly more comphcated. First we notice that 

A,L3 = ((^^(^ - A)rd,{AkfAkg) - A^ ((ln(J - A)YdJ) Aug) . 

k>j-i 

Applying Plancherel's theorem and invoking f l3.8p . we find 

(3.12) IIA.Lalli. < 5^ ||a, ((ln(J-A))^9,(Afe/Afcf/) 



k>j-i 



2 



- A,((ln(/-A))^a./) Aug 
< U,{0 I (ln(l + max{|er,|e-^P}))" 



x\Akf{i-r])\ \r]Akg{v)\dv 



L2 



Since $j is supported on G : 2^'^ < \^\ < 2^+^} and A^/ is on G : 2^-^ < 
1^1 < 2*^+^}, we have, for k> j — 1, 

(ln(l + max{|^|M^-?7|2}))^ < (ln(l + max{22J+2, 22('=+i)})^ 

< (ln(l + 22'=+^))^ 

Therefore, 

IIA.^slli. < C J2 (ln(l + 22^'+^))'^ $,(0 / \Arm-v)\\vSg{v)\dv'' 



L2 



When rj is in the support of Aug, \r]\ is comparable to 2 and \rj\ ~ 2 . Using this 
fact and Young's inequality for convolution, we have 



lA.Lalli. < C J2 (ln(l + 22'=+4))''^2-2^^' 



k>j~i 



< C Y (ln(l + 22'=+4))2M2-2efc||^|| 

k>j-l 



Arf{^-v)\M'~'''Aug{v)\dri 

ivi'-^'-Ai^gmh- 



L2 
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Using the fact that 

i2fc+4\\2M r,-ek 



(ln(l + 22'=+4))'^2-^'=<a, 



l+2e 



Akg{r])\\Li < Ce\\g\\m+3^, 



we obtain 



Therefore, 



k>j-i 



K 
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2 

■3||L2 



N-1 



j=-i k>j-i 



(3.13) 



< a 



We now turn to K2i- AjLi is bounded differently. As in (13. 9p . we have 



||A,L 



i|Il2 



< C 



$,(0 / (ln(l + max{|^|M^-r^r}))^' 

JM2 



2 

L2 



l^,-i/(?-^)II^A,^?(77)|dr7 

Since supp$j, suppA^ C G ; 2^-^ < \^\ < 2^+^}, we have 

(ln(l + max{|eP, 1^ - v\W < C (ln(l + 2^^))' 
and r] G supp Aj^i indicates that {rjl is comparable with 2-'. Therefore, 

JR2 

< C (ln(l + 22^))^^2"2^^ ||VJ||i.|||77r+^A;^(r;)|| 

< C {\n{l + 2'^)f'2-'^^\f\\U\A'+'^A,g\\ 



Therefore, 



K. 
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2 

l|lL2 



< Cll/lli. E(Ml + 2^^))'"2-2^^ ||A2+^^A,f;|| 

j=N 

2iVN\2At r,-2e7V 



2 

L2 



< Cll/lli. (ln(l + 2^^))^^' 2-2^^11^11^.,. 
(3.14) < C 11/11 

We now bound K22- AjL2 admits the following bound 



||A,L 



2|Il2 



< c 



$,(0 / (ln(l + max{|^|M^-77in))" 

JR2 

\A;fi^-v)\\vS^9iv)\dv 



L2 
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Since supp C e R"^ : 2^^^ < \i\ < 2^+^} and supp Sj^ig C G : |^| < 2^}, we 
still have 

(ln(l + max{|e|2, \^ - r^\^])Y < C (ln(l + 2''^)Y ■ 

In contrast to the previous estimate on A^Li, rj G Sj^ig no longer implies that |?7| is 

comparable to 2^ . However, any ^ G supp Ajf must have |.^| comparable to 2^ . Therefore, 
for any 5 > 0, 

2 



lA.Lsllia < C (ln(l + 22^)) ^"2 



2m r)-25j 



\\^-v\'A^fi^-rj)\\r^S,^,girj)\dv 



L2 



< c {Hi+2'nY'2-''^m-v\'A,m-v)\\i4vs;^9mi 

< C {\n{l + 2'^)Y'2~''^\\A,A'f\\l,\\g\\U^. 



Thus, 



K,, < Cj2iHl + 2'^)Y'2-^'^\A,A'f\\l.\\g\\U 



j=N 

oo 

< C {Hl + 2'^)Y'2-^'^\\g\\l.,.Y.\\^^^'f\\l^ 

j=N 

(3.15) < C {Hl + 2'^))''2'''^\\g\\U4f\\l,. 

The last term K23 can be dealt with exactly as Ki^. The bound for K23 is 

(3.16) K23 < a M ||/||l2. 

Collecting the estimates in ( KTOh . (Km . (137[3D . ( Km . Km and ( 13161) . and insert- 
ing them in (13 ■4p . we obtain, for any integer > 1, 

||[(ln(J-A))'^a.,^]/||i. < a (111(1 + 2^^))''^ 

+ a\\f\\l. \\g\\W. 



+ aHi + 2^^)y'2-^'^\\f\\ls\\g\\W- 



We now choose such that 2 ^"^^ 
(3.17) 

It then follows that 

II [(ln(/ - A)rd,,g] f\\L2 < C,,,,s ( 1 + ( In ( 1 



— ^Il/llia- In fact, we can choose 



^log. 



L2 



L2 



L2 \\g\\H^+3^, 



where C^,e,5 is a constant depending on /i, e and S only. It is easy to see that the 
inhomogeneous Sobolev norm ||/||i^5 can be replaced by the homogeneous norm ||/||^«. 
This completes the proof of Proposition 13. 1[ □ 



Finally we prove Lemma 13.31 
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Proof of Lemma \3.3[ Let > 1 be an integer to be specified later. We write 

II (ln(/-A)r/||i. = Li + L2 

where 

N~l oo 

L,= Y, ||A,(ln(/-A)r/||i„ L2 = 5^||A,(ln(/-A)r/||i.. 

i=-i j=N 

According to Theorem 1.2 in [14], we have, for j > 0, 

II A, (ln(/ - A))^ fU. < C (ln(l + 2'^))' || A,/|U.. 
Clearly, for j = — 1, 

||A_i (ln(/-A)r/|U. <C||A_i/|U2. 

Therefore, 

N-l 

L,<C (ln(l + 2^^))^^ Il^/lli^ ^ ^ (1^(1 + 2'''))'' ll/lli- 

i=-i 

For any 5 > 0, 



2 

L2 



L2 < Y,{Hl + 2^^)Y^2-^''J2^'^\\^,f\\ 

j=N 

< (ln(l + 22^))'^ 2-2^^11/11^,. 

Therefore, 



{HI - A)r fWh < C (ln(l + 2'^)y' ll/lli. + (ln(l + 2^^)^ 2" 



If we choose in a similar fashion as in (13.171) . we obtain the desired inequality (13. ip . 
This completes the proof of Lemma 13. 3[ □ 



4. Global weak solutions 

This section establishes the global existence of weak solutions to (11.21) . namely The- 
orem 11.61 The following commutator estimate will be used. 

Lemma 4.1. Let s > 0. Let j = 1 or 2. Then, for any e > 0, there exists a constant C 
depending on s and e such that 

(4.1) \\[A"d^^,g]h\\L2^T2) < C {\\h\\L2 ||^||i^2+.+. + \\A'h\\L2 \\g\\H2+^) ■ 

Although the lemma is for the periodic setting, it can be proven in a similar manner 
as Proposition 12.11 and we thus omit its proof. 

Proof of Theorem \1.6\ . The proof follows a standard approach, the Galerkin approxima- 
tion. Let n > be an integer and let Kn denotes the subspace of L'^(T^), 

= [e'"^-^ : m 7^ and |m| < n} . 
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Let P„ be the projection onto A'„. For each fixed n, we consider the solution of the 
projected equation, 

9A + PnK- v^„) = 0, 
^„(x,0) = P„^o(a;). 

This equation has a unique global solution On- Clearly, On obeys the global bound 

(4.2) \\On{-ML^ = WnOo\W < \Ml2. 

In addition, let i/jn be the corresponding stream function, namely Aipn = ^^On- Then 
we have 



1 d 



2dt 



2 

L2 



- J ^nK{Un ■ VOn) dx 
= - j IpnUn- VOndx. 

Noticing that Un = V"'"?/'„, we integrate by parts in the last term to obtain 

z/^n Un ■ V9n dx = / l/jnUn' VOn dx. 



Therefore, 
(4.3) 



d_ 



L2 



or 



L2 



L2 



Furthermore, for any G i/^^*^ with e > 0, we have 



(4.4) 



dtOn{x, t) (p{x) dx = - J {un- V6'„)P„0 dx = J 9nUn " VP„0 dx. 
On the one hand. On = A^~'^'0„ and 

j OnUn ■ VVn(t)dx = ji^n A^"^ («„ " VP„</.) dx = j i^n A'"^ (V^^„ ■ VP„0) dx. 

On the other hand, m„ = V-^tjjn and 

j OnUn ■ VP„0rfx = j OnV^ " {ipn^^nCfy = " / V'n A^'/^^^n " V^n<pdx. 



Thus, 



j OnUn ■ VVn(t>dx = \ j [A^"^ V^- , VP„0] ^l^ndx. 



It then follows from Holder's inequality and Lemma [4. II that 



(4.5) 



OnUn ■ VWn(t) dx 



< C||^„|U2||^^„||^2-,||P„ 



< CIIA- 



ll^n||L2 ||^||/f3+f 

where we have used the fact that mean-zero functions in L^(T^) are also in iJ~^^^(T^) 
Therefore, by (H^ . 

(4.6) ||aA||H-3- <C||^o||i2. 
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The bounds in (14. 2p . (14. 3p and f l4.6p . together with the compact embedding relation 
L2(T2) ^ H~^+^(T^) for 1 < /3 < 2, imply that there exists 9 e C{[0,T]; L'^{T^)) such 
that 



(4.7) 



On ^ in L^, ipn ^ 'ip ill L^- 



In addition, because of the uniform boundedness of H^nlU^ and the embedding L^(T^) 
//"'^^^(T^), the Arzela-Ascoli Theorem implies 



(4i 



where 6 G H^+H^^ 



lim sup 

"^°°tG[0,T] 



{On{x, t) — 6{x, t))(f){x) dx 



^0, 



The convergence in (14. 7p and (14. 8 p allows us to prove that 6 satisfies (ll.4p . Clearly, 
6n satisfies the integral equation 

/ / 9n {dt(f) + Un ■ VFnc/)) dx dt = [ FJo{x)(l){x,0)dx. 
Jo Jj^ Jt^ 

It is easy to check that 



Pn6'o(x) 0(x, 0) — > / 6o{x) (f){x,0) dx, 

T2 JT2 



and (14. 8 p implies that, as n — > oo. 



Ondtcpdxdt^ / / 6dt(j)dxdt. 
^T2 Jo Jt'^ 



To show the convergence in the nonlinear term, we write 



T 

JJ^ 



On Un ■ VP„0 dx dt 



Ou ■ V(pdx dt 



T 



Jt^ 

T 



'0 ^T2 

lljn [h^~^V^-,V^n(f\^ndxdt 

i) [K^-^W^-,V(t)]^l)dxdt 



^n [A'-^V^-,V(P„0-0)] iJndxdt 



T 



+ 2 / L^"^" ~ [A'-^V^-, V0] iJndxdt 



'0 ~'T2 

- r 

2 Jo Jt- 



ij[A^~^V^-,V(p]{i{jn-i^)dxdt. 



In order to get the convergence for the first two terms above, we appeal to Lemma 14.11 
and the strong convergence of "0^ in L^. Let us point out that in the last term for A^~^'0„ 
we only have weak convergence in so we have to proceed in a different manner. We 
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consider the following integral 

Qn{t) 



JT2 



which is bounded by 



mt)\ < (j2\\kr^i^i-k)f] ||fc|^-^([A2-^v^-, V0] {^|Jr^ - ^P)nk)\ 

The first sum above is controlled by ||6'o||l2. Using a similar notation as before, the 
coefficients in the second sum have the form 

where dx is either dx^ or dx^ and ip is dx(p- Since 

( [A'~^dx, cp] - ^P)nk) = J2 KKlk]'-^ -ik- j),\k - jf -^)(^. - ijTik - jMj) 

j 

for a = 1, 2, following the bounds in Section [2] we obtain 

\i[A'-^dx,ip] ii^n-i^)rik)\<cY,m''^ + \k-jt^)mn-^rik-j)\\j\\m\ 

<cj2i\kr^ + \jr^mn-mk-j)\\jmj)\- 

For I A; I 7^ 0, it yields 

1^1^-2 \i[A'-^dx,cp] - ^p)nk)\ < cj2\i^n - ^nk-j)\\j\{i + ijf-oi^(j)i- 

The above bound provides 

for any e > 0. It then follows from (14.71) that lim„^ooQn(^) = 0. The Dominated 
Convergence Theorem then leads to the desired convergence of the third term. Therefore, 
^ is a weak solution of 11.21 in the sense of Definition II. 5[ This completes the proof of 
Theorem 11.61 □ 



5. Local existence for smooth patches 
This section is devoted to proving Theorem II. 7[ 

Proof of Theorem |i. ?[ Since /3 = 2 corresponds to the trivial steady-state solution, it 
suffices to consider the case when 1 < (3 < 2. The major efforts are devoted to estab- 
lishing a priori local (in time) bound for ||a;(-, t)||/^4 + ||F(x)||ioo(t) for x satisfying the 
contour dynamics equation (ll.lOp and F (x) {'j , rj , t) defined in (II. 7p . 
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This proof follows the ideas in Gancedo [50] . The difference here is that the kernel in 
( ll.lUp is more singular but the function space concerned here is H^{T), which is more 
regular than in [50] and compensates for the singularity of the kernel. 

For notational convenience, we shall omit the coefficient C 13(61 — 62) in the contour 
dynamics equation fll.lOp . In addition, the t- variable will sometimes be suppressed. We 
start with the L^-norm. Dotting (11.101) by ^(7, t) and integrating over T, we have 



where 



\ d f 



JjJj ' \x{'J,t) - x{-f - r],t)\'^ 
A(7)a;(7,t) ■ d^x{'y,t)d-f. 



Ii is actually zero. In fact, by the symmetrizing process, 

_!/■/■ (x(7) - a:(7 - 77)) ■ {d^x{-i) - d^x{-f - r/)) 
' ~ 2 J J, \x{j)-x{j-vW ^ ^ 



1 



2(2 - /3) Jj 
0. 




dj (|x(7) — x(7 — 77)!^ ^) d'ye!!] 



To bound I2, we first apply Holder's inequality to obtain 

1-^21 < ||a:||L2 ||5^x||l2. 

By the representation of A in (11. lip and using the fact that 



^ <\\F{x)\\Ut), 



we have 



< C\\F{x)\\l^it) / \d,x 
Jt 

= C\\F{x)\\l^{t){h,+l22 



2 



k(7) ~ ^(7 ~ '7)1'^ 



(^7 



where 



'21 



'22 



1^^"" / |x(7)-x(7-r,)|/^ 

1 ^7^(7) -^7^(7- ^)P 
k(7) -2:(7-^)l^ 



It is not hard to see that I21 and I22 can be bounded as follows. 



hi < C\\F{x)f^^{t)\\d,x\\L2\\d'x 



|L2, 



/22 < C\\F{x)\\l+J{t)\\d^^x\\l,\\d,x\\L2. 

Therefore, 

j^\\x\\l.<C\\F{x)\\lt'{t) ||x||^3. 
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We now estimate ||(9^a;||2,2. 



where 



'3 



7"'\ I J "7 
T 



T |2;(7) - 2^(7 - 



T 

/s can be further decomposed into five terms, namely I3 = J31 + J32 + I33 + I34 + I35, 
where 

JtJt f(7) -x{-f-r])\P 

132 = 4/ d^x{-f)-{d^x{-f)-d^x{-f-ri))d^{\x{-f)-x{-f-7])\-^)dr]d-f, 

133 = G [ /a^x(7)-(a3x(7)-93x(7-r/))92(|x(7)-x(7-?7)|-^)rf?7d7, 

/34 = 4 / /'a^x(7)-(a2x(7)-92x(7-r/))93(|x(7)-x(7-r;)r^)rf?7ci7, 
Jt jt 



'35 




'T JT 



dtx{-f) ■ {d^x{-f) - (9^x(7 - 'r]))d^{\x{-f) - ^(7 - r])\ ^) dijd'y. 



By symmetrizing, /31 can be written as 



'31 



1 / f jd'A^) - a^x(7 - v)) ■ (a^x(7) - a^x(7 - v)) 

2kk |x(7)-x(7-ry)|^ ^'^''^ 

1 f /'97(|9,M7)-5>(7-^)P)^ ^ 



ixi'y^ — xi'y — ri\^ ■ (d^.x('y) — d^,x(^ — n)) 

dr] d'j. 



(5 f f \d^x{'j) - d^x{-f - r])\'^{x{-f) - x{j - r])) ■ {d^x{-f) - d.fX{j - r])) 



4 7tJt |2;(7) - x(7 - 

Setting 

5(7, 77) = {x{-f) - x(7 - 77)) ■ (a^x(7) - 9^x(7 - 77)) 
and using the fact that d^xi^j) ■ d^xi^j) = 0, we have 

2+13... f f \r.A ( . 04 / ,12-^(7, ^)^~^- ^7^(7) •^7a:(7) 



\hi\<C\\F{x)riU\t) / / |a>(7)-9>(7-r/)|^^^l^^^ , " " ^" cir7^7- 

Jt Jt 

Using the bound that 



B{7,V)V^^ - dyx{-f) ■ d^x{-f)\ < C||a;||^3|?7|, 
|J3i|<C||F(x)|iri(t) ||x||^3||x||^.. 



we obtain 

|2+/3/+N |U||2 ||^||2 
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To estimate of 132, we realize that, after computing d^{\x{'j) — a:(7 — r])\~^), 1^2 can be 
bounded in the same fashion as /31. That is, 



\l32\<C\\Fix)\\lt^{t) \\x\ 



In order to estimate we further decompose it into three terms, /as = /331 + /332 + -^333, 
where 

/331 = C /J/>(7) • (d^A^) - d^x{^ - V)) i^(^) ^^p^, dvd^, 





- d^l 


-v)) 




- 


-v)) 


(9^x(7) 


- (^x{-i 


-v)) 



with 

D(7, 7^) = (2;(7) - x(7 - r/)) ■ (5^a;(7) - d^l - v))- 
It is not very difficult to see that 

I/331I, I/332I, I/333I < C \\F{x)\\l+J{t) \\x\\U. 

I34 also admit similar bound. In 735 one has to use identity 

d^x{-f) ■ d^l) = 3(9^x(7) ■ d^l) 

to find the same control. We shall not provide the detailed estimates since they can be 
obtained by modifying the lines in |50]. We also need to deal with I4. To do so, we use 
the representation formula (11.111) and obtain 



\h\<C\\Fix)\\lt^it) \\x\ 



In summary, we have 



(5.1) <C||F(x)||tt^(t)||x||^.. 

We now derive the estimate for ||F(2;)||Loo(t). For any p > 2, we have 

duT^/^\uP u\ ^ ^ f f f \v\ Y^^ \xt{l,t) - Xf(7 - ?7,t)| 

1^1 



(5.2) j,m^niM<-pll[ ^^,,^:,,.J 

Invoking the contour dynamics equation (11.101) . we have 



xti'j) - xti'j - r]) = I^ + Iq + Ij + Is 

' d^x{-i) - d^x{-f - d^x{-f) - d^x{-f - 



|x(7) - x(7 - ^)|^ |x(7 - r]) - x{-f - r] - 



^ . d^x{-f) - djxj'j -r]) + d^xj'y -y-Q- d^xj'y - Q 
|x(7 — rf) — a;(7 — ?7 — 01^ 



T 



+ (A(7) - A(7 - ri))d^x{-i) + A(7 - 77)(a^x(7) - 9^x(7 - 77)). 



as in 


ISO], 


we have 




l^5| 


< 


C\\F{x) 






< 


C\\F{x) 






< 


C\\F{x) 




141 


< 


C\\F{x) 
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IC2 |?/|, 
|C3 |??|, 

11^ \n\ 

■}\\L^ Ipll/f4 |?7|. 

Inserting these estimates in (15. 2p . we find 

j^\\F{x)U.{t) <C\\x\\U mx)\\fj{t) \\F{x)\\Ut). 
After integrating in time and taking the hmit as p — ?■ oo, we obtain 

|i|F(x)|U.(t)<C||x||^.||F(x)||itf(t). 
Combining with (15. ip . we obtain 

I {\\x\\m + mx)U^{t)) < C \\x\\U \\F{x)\\lt'{t). 

This inequahty would allow us to deduce a local (in time) bound for ||a;||i:/4. This 
completes the proof of Theorem 11.71 □ 
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